Abstract-In this paper, a variable step size and variable order strategy ( VSVO) used in the block method is developed for solving directly the second order two-point boundary value problems (BVPs). The variable step size and variable order strategy managed to reduce the total step and assure the accuracy of the method. The proposed block method can compute the solutions at two points simultaneously and adapted with multiple shooting technique via three-step iterative method. The performance for the proposed method was tested on the single and system of second order BVPs of Dirichlet and Neumann type. Numerical results are given to show the efficiency of the proposed method when compare to the existing method in terms of total steps and execution time.
I. INTRODUCTION
Many problems in physics and engineering science are modeled as boundary value problems (BVPS) such as in heat and mass problems, reaction diffusion process and boundary layer equations. Therefore, many analytic methods or numerical methods were proposed and discussed by many researchers to solve BVPs. Asadi et al. [1] , Saadatmandi et al. [2] and Hassan and El-Tawil [3] proposed the analytical method based on homotopy perturbation method to solve nonlinear second order boundary value problem. Variational iteration method discussed by Altintan and Ugur [4] to solve linear and nonlinear BVPs. Most of the researchers solve the BVPs numerically using constant step size or fixed step size. For example Tirmizi and Twizell [5] , Amodio and Sgura [6] introduced a higher order finite difference method for nonlinear second order BVPs by constant step size. A new different scheme based on quaritc splines with fixed point is derived by Liu et al. [7] to solve second order BVPs subject to Neumann type. Sinc-collocation method with fixed point for solving linear and nonlinear second order BVPs has been proposed by El-Gamel [8] . Many researchers proposed to solve the boundary value problems directly such as Jafri et. al [9] , Majid et al. [10] and Tat et al [11] . Phang et al. [12] used the variable step size strategy based on two-point block method for solving second order BVPs directly. For variable step size variable order (VSVO), there are few valid methods to obtain numerical solutions for BVPs. Amodio and Settanni [13] introduced a VSVO code based on generalized upwind method of order four to ten to solve singular perturbation BVPs. In this paper, we are considering to solve the single and system second order twopoint boundary value problem as follow:
Dirichlet boundary condition: ,
Neumann boundary condition: ,
In this paper, we have developed a VSVO code based on two-point block method for solving two-point second order boundary value problem. This method adapted with multiple shooting technique via three-step iterative method.
II. VSVO CODE IN TWO-POINT BLOCK METHOD
There are many studies of the order and step size selection in variable step size and variable order codes such as Hall and Watt [14] and Majid and Suleiman [15] for solving ordinary differential equations. In this paper, the variable step size and variable order code is based on the two-point point block method of order four to order nine. The code will start with the two-point block method of order four. The choices of the order for next step can be increase by one, decrease by one or maintain the current order. We monitored the VSVO code by the local error ( ) as follow:
The step is successful or accepted if . Suppose the current step is using at order k and step size h, we calculate as follow:
We choose the order of the method corresponding to the largest . The choices of the next step size will be restricted to half, double or the same as the current step size. When the step size is constant, the ratio of the step size, r will be 1, when the step size is double, r = 1/2 and when the step size is
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half, r = 2. This VSVO strategy will be implemented based on two-point block method. Two-point block method can compute two approximate values, and simultaneously. The general two-point block method of order k is as follow:
Let k = 4, we have the two-point block method as follow: The first point, p=1:
The second point, p=2:
The function (7) and (8) will be replaced by
Lagrange interpolating polynomial as follow:
Replace Lagrange interpolating polynomial, into (7) and (8) . Let , while replacing and changing the limit of integration from -2 to -1 for the first point and changing the limit of integration from -2 to 0 for the second point. Thererfore, we obtain as follows:
The first point:
The second point:
Simplified the integrals by MAPLE, we obtain the value of the coefficients, and shown in TABLE 1. 
Substituted the values and from TABLE I into (9) and (10), the corrector formulae of the two-point block method when the step size is constant as follow:
The first point, p=1:
8 129 66 7
( 1 1 ) The second point, p=2:
( 1 2 ) The same process is applied to obtain the formulae for twopoint block method of k equal five to nine. The predictor formulae of two-point block method are considering one order less than the corrector formulae, therefore, the same process is applied to obtain the formulae of k equal three to eight of the predictor two-point block method.
III. PROPERTIES OF THE TWO-POINT BLOCK METHOD
In this section, properties of the two-point block method are analyzed including the order, zero-stability, consistent and convergent of the method. The two-point block method is a subfamily of the linear multistep method (LMM). Lambert [16] and Fatunla [17] stated the following definitions of LMM. The linear operator associated with LMM is defined as follows:
,where is the ratio of the step size.
Expended using Taylor polynomials we obtains as follows:
where , , … , are constants satisfying:
The method is order of p if 0 and 0.
Apply the formulae (13) into (11) and (12), we obtain: 0 and 0. Therefore, from Definition 1, the order of the two-point block method when k = 4 is order four. Apply the same process, when k = 5 to 9, we obtain the order of the method is 5 to 9.
Definition 2:
The method is zero stable provided the roots of the first characteristic polynomial specified as det ∑ 0, satisfy | | 1 and the multiciplicity for the | | 1 must not exceed two.
The first characteristic polynomial of the two-point one block method is given as: From Definition 2, the two-point block method is zero-stable.
Definition 3:
The method said to be consistent if it has order greater or equal than 1.
The two-point block method have order more than five, by the Definition 3, the two-point block method is consistent.
Definition 4:
The method is said to be convergent if it is consistent and zero stable.
The two-point block method is zero stable and consistent method, according to Definition 4, the two-point block method can conclude is convergent.
IV. IMPLEMENTATION: MULTIPLE SHOOTING TECHNIQUE
The purposed VSVO code with two-point block method will be implemented for solving the boundary value problems via multiple shooting techniques. Multiple shooting technique with the guessing values can transform the boundary condition to the initial condition. The multiple shooting technique we used in this paper is started with single shooting. After five iteration of single shoot, we divide the interval into subinterval. The Dirichlet and Neumann boundary
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condition in (2) and (3) will change to initial condition as (14) and (15) The iteration is repeated until we reach the stop conditions:
The value of , will be computed by three-step iterative method which is proposed by Yun [13] . The formulae of three-step iterative method are show as follow:
V. ALGORITHM 2PVSVO Step 1: Set , and calculate the initial step size as (5).
Step 2: Set 0 and calculate the initial guess value, .
Step 3: Set the initial condition as (14) or (15) .
Step 4: For 1,2,3 set , evaluate and with Euler method, compute the function and ′′ .
Step 5: While : For 1,2: set , evaluate and with two-point block method, compute the function and ′′ , choosing the next order of the method, choosing the next step size.
Step 6: If fulfill stop condition, go to Step 9.
Step 7: Set 1: generate the new guessing values, by three step iterative method.
Step 8: If 5: set /2, and go to Step 3.
Step 9: Complete. This algorithm was developed in C language.
VI. NUMERICAL RESULT
In this section, we compare the proposed variable step size variable order code (2PVSVO) with two existing methods i.e. bvp4c and 2P1BVS to solve three BVPs. The both existing methods are implemented the variable step size strategy. Bvp4c is a MATLAB solver which implements the forth order collocation method and the 2P1BVS used the two-point one block method of order five. Three problems will be tested with the proposed method where Problem 1 is a Dirichlet BVPs, Problem 2 is a Neumann BVPs and Problem 3 is a system BVPs. 
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Problem 1-3 are solved by bvp4c, 2P1BVS and 2PVSVO with tolerances 1e-2, 1e-4, 1e-6 and 1e-8. TABLE II-IV showed the comparison of the numerical result for solving Problem 1-3. We have observed that the accuracy for our proposed method, 2PVSVO is comparable or better compare to bvp4c and 2P1BVS in all problem tested. For example in TABLE II, when tolerance is 1e-8, the maximum error for bvp4c, 2P1BVS and 2PVSVO are 1.27e-8, 1.16e8 and 7.72e-10 respectively. This result is expected because the method we use in 2PVSVO is from order four to order nine but bvp4c only used the method of order four and the 2P1BVS used the method of order five. Besides that, the total number of steps and total function call taken by 2PVSVO is less than bvp4c and 2P1BVS. The function call taken by 2PVSVO is less than bvp4c is expected because of the 2PVSVO can solve the second order BVPs directly however bvp4c need to reduce the second order BVP to the system of first order equations. Fig. 1  -3 showed the comparison of the maximum errors versus the total steps from the numerical results in Table II-IV. VII. NUMERICAL RESULT In this paper, we have shown the proposed variable step size and variable order (VSVO) code base on two-point block method is suitable for solving two-point single and system second order boundary value problems in Dirichlet and Neumann type boundary conditions.
